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An Approximate Zero-One Law
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Summary. We prove an approximate zero-one law, which holds for finite
Bernoulli schemes. An application to percolation theory is given.

1. Introduction

The present paper is an attempt to generalize some of the ideas recently
developed in the particular context of the two-dimensional percolation theory.

We denote by u, the Bernoulli probability measure which assigns to each
site of an infinite graph G the probability x to be “occupied”. In percolation
theory (introduced in [1]) one is interested to the pu -probability of some
events, whose prototype is the event “there exists an infinite cluster of occupied
sites”. Since these events belong to the og-algebra at infinity, % _, the usual
zero-one law [2] can be applied, but it is not of help in characterizing the set
of values of x for which the measure y, is supported by a given event in £_.
Nevertheless, considerable progress has been recently made on this problem, in
particular by proving, at least in somc cases, the relation p,+p*=1 between
the critical percolation probabilities of two dual graphs [3], [4], [5], [8]. The
last relation is essentially equivalent to the statement that the event “simul-
taneous absence of infinite clusters of two opposite types” (corresponding, in a
sense, to “critical behavior”) has u,-probability zero, except for one and only
one value of x (“critical percolation point™).

The interest of this result is increased, in our opinion, by the circumstance
that it has been obtained without solving the model (actually the value of the
critical percolation point is still unknown for many graphs).

An essential tool in getting the above results has been the introduction of a
finite analogous problem (“sponge percolation theory”, see [6], [7]); the
proofs, however, are heavily based on geometrical techniques, typical of the
particular nature of the problem.

The aim of this paper is to show that some of these techniques are just a
particular case of a general theorem, namely an “approximate zero-one law”
which holds for local events which, in the sense we shall specify below,
approximate the events in the o-algebra at infinity.

The main interest of this theorem consists, perhaps, in the fact that, where-
as the usual zero-one law holds for each measure u_ individually considered,
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the approximate version of it is a statement about the whole family {u,}, 0. 1.
This feature of the “approximate zero-one law”, in particular, clarifies the role
of the finite graphs in percolation theory; the last section is devoted to a new
proof of the relation p.+p¥=1, obtained as a corollary of our main theorem.

Our hope, of course, is that Theorem 1 can be useful in getting new results,
in particular in the v-dimensional percolation theory; furthermore we think
that possible generalizations of Theorem 1 to finite volume Gibbs measures
could be useful in the theory of phase transitions.

2. Definitions and Statement of the Results

We consider the space Q={—1,1}%, where L is a countable set. For every ie L
we put Ef [E; ]={weQ|o(@=1[—1]}. We call & the g-algebra generated by
the events E;, ie L, and, for any K<L, we call 8, the o-algebra generated by
the events E;", ie K. We define in Q the partial order < by putting 0, <o, if
and only if VieL w;())Sw,(i) and we call positive an event AeZ if its
characteristic function is non-decreasing.

For any xe[0, 1] we consider the Bernoulli probability measure

=[],

ieL

where v, is the measure on {—1,1} which assigns weights x and 1—x re-
spectively to 1 and —1. The g-algebra at infinity, &, is defined by

%’OO: ﬂ e%L\Ka

KesF

where & is the family of the finite subsets of L. Furthermore we consider the
family of events
Br= ) By

KeZF
For any ie L we define S;: Q- Q by putting
(S;0)()= —w(i); Vk*i (S,w)k)=w(k).
Ificl, Ac# we put
dlA={wed|S;w¢A}; SiA={weQ~A|S;wed}; 5,A=6/AUFA

If wed;A we call i a pivotal site for the configuration w and for the event

A; the set
C w)={ieLlwed,A}

is called the pivotal set of the configuration w for the event A furthermore we
shall consider the events

A=) A, oFA=\)oFA; $4=5"AUA.

ieL ieL
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The well known zero-one law, in our setting, states that if Ae# _, then for
any xe[0,1]u.(4) equals either zero or one. Our purpose is to prove an
approximate form of this statement for a suitable class of events in %;. In
order to characterize this class, we observe that the following proposition holds:

Proposition 1. An event A€ % belongs to B, if and only if for every ie L 6,4A=0.

Proposition 1, whose proof comnsists in a direct application of the de-
finitions, suggests that the number Supp, (0;4) could be a measure of the
x, i
“distance” of the event 4 from #_. Our main result is the following theorem,
which shows that, under the additional hypothesis of positivity, the events in
%y which are “near” to %, (in the above sense) satisfy an approximate zero-

one law.

Theorem 1. For every >0, there exists #>0 such that if Ac%, is a positive

event and
VieL, Vxel0,1], u.(5,4)<n, (2.1)

then there exists x,€[0,1] such that

Vxéxo_g :u’x(A).S_S’ (22)
Vxzxo+e pld)zl—e (2.3)

If we replace (2.1) by the stronger condition
Vxel0,1] p(04)<n, @r)

we obtain a weaker theorem whose proof is much simpler than the one of
Theorem 1. We start by proving this last statement in the next section.

3. Proof of a Weaker Statement

&
If v, 4 are two probability measures defined on # we write v=<p if there exists
a probability measure m on Q x Q such that

a) mis a joint representation of v and y, i.e. VBe 4,
m{(w,w)eR2xQlweB}=v(B), m{(w,w)eQxQ|weB}=u(B).
b) m{(w,W)eRx Qo=w}=1—ec
Remark. The above definition implies that if vé u and A is a positive event,
then v(A) < u(4)+e.
In this section we identify L with the set N of the positive integers (since L

is a countable set there is no loss of generality in this assumption). If we @,
ke N, we denote by w® the cylinder

furthermore we put
w® =0
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Lemma 1. If v is a probability measure on %, and C e R is an event such that
2) v(C)z1—¢,
B) YweC, VkeN v(E} Iwk-V)<x,

then véux.
Proof. We define recursively a measure m on Q x Q by putting:
A) m(E{ x ET)=v(ET); m(EY xE7)=0;
m(ET xEfy=x—v(ET); m(E] xE[)=1-—x;

B) if k=2 and w*~ 1 satisfies the inequality v(E;f |[w*~V)<x, then, for any

we,
m(E; x EF iw =Y x o*=D)=y(E} [wk-1);

m(E; x E; |w =D x o¥~1)=0;
m(E; x Ef [wé=D x o= Dy=x —y(E} |wk-1);
m(E; x E7 [wé— D x o =1-x;

C) if k=2 and v(E; |w*~Y)>x, then for any o,0'e{—1,1}, and for any

we, ' )
m(Eg x Ef w1 x o= ) = v(Eg | wh=") 1, (Y ).

It is easy to verify that A), B), C) define a probability measure m on 2 x £
which is a joint representation of v and u,. Furthermore

m{(w,w)eQxQozwizv(C)z1—-.
Hence v=p,.

Proposition 2. If Ae% is a positive event, u(A)=e p(6'4)<e® then
Hx+a(A);l—8'

Proof. We put p, ,(+)=p.(+]4). It suffices to prove that

&

I"'x,Aéux+s= (31)

(3.1) and the Remark, indeed, imply that 1=p, ,(4)=u,, (4)+e We consider
the events

Co={weQ|u (6 Alw*~ V) Zep (Alw* D)} C=[) C,
k=1
For the proof of (3.1) it is enough, in view of Lemma 1, to prove the

following two inequalities: "
ty, 4(C)21—¢; (3.2)

YweC, YkeN, pu, JEf [w* D)<x+e (3.3)
Since u.(A)=e, we have:
1 12
e al @ O 1 AN@ )= T 140Dy,

where
k—1
D= ( ci) A@~C,.
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The definitions of C,, D, imply that pu (5;A|D,)>eu.(4|D,). By using the last
inequality and the remark that the events D, are pairwise disjoint we get

He s @~ C)<e™? Y 1 (BLANDYSe2 Y p (' AnD,) <o~ (57 4).
k=1 k=1

Since p,(6'A)< &3, we get (3.2).
Now we observe that, for any weQ, keN,
H, a(ES W D)= [ (A awh= D)1=t
TuEd n(AN A Aw* =)+ pu (EF NSl A) awk=10],
Since A is a positive event, §/AcE;; furthermore the events E; and
(AN Ay Aw* =Y are u_-independent. Hence ‘
(AN A WD)y (SFAAwE—1)
p(AnwE=1) p(AnwE=1)

(3 A AW 1)
H(AAWE=D)

p (B |- 0)=xFx

IIA

X+

The last inequality and the definition of C imply (3.3). This ends the proof of
Proposition 2.
Proposition 2, in particular, implies that if a positive event 4 €4, satisfies

the condition
Vxel0,1] p,(84)<é?, 2.1")

then the statement of Theorem 1 holds. Roughly speaking, the proof of
Theorem 1 shall be completed by proving that if for each i the u -probability
of the event 4,4 is very small, then the event A=U 0,4, too, has a small p -

probability, except, at most, for a “small” set of values of x. In order to prove
this (at first sight surprising) statement we need to improve our knowledge of
the properties of the pivotal set. This shall be done in the next section.

4. Some Lemmas about the Expected Size of the Pivotal Set

The number of pivotal sites for the configuration w for the event A is, of

course:
n (@)=Y 15,4(c), (4.1)
iel
where we have used the symbol y, for the characteristic function of the event
E. Furthermore we put

ny(w)= ZL XaiIA(fU); ni(w)= % Xa{fA(w)-

In this section we collect some lemmas about the expectation of the
random variable n,. We shall denote by E_ the expectation with respect to the
measure .. We start by recalling a simple equality which was used in [5].
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d
Lemma 2. If Ae %, is a positive event Ean=E—,ux(A).

x
Proof. See Lemma 3 of [5].

Lemma 3. For every Ac %, A+0, E (n | A)=log,. u (A), where
X' =min(x, 1 —x).

The proof of Lemma 3 is based on the elementary inequality stated in the
following lemma.

Lemma 4. If x,a, (0, 1), then

(1-xp X'l — Bl

xa
log,  [xa+(1—x)f] émlogx'a +m1°gx’ ﬁ"’m.

Proof. We can suppose, without loss of generality, f<«; then it suffices to
prove that for any ae(0, 1) the function

B =[xa+(1—-x)f1~! [xalog, a+(1—x)flog, f+x (a—f)]
—log. [xa+(1—x)f]
is non-negative for [0, a]. Elementary computations show that
d
ﬁfa(ﬂﬁxﬁ[xﬁ(l —x) f172 [(1 - x) log,..(B/o) — 1].
) d . . , 1 —x .
The function B £,(B) equals zero only in the point f=ax'Yd-*V<q; it is

positive for Be(0,8) and it is negative for Be(f,a). Since f,(0)=x'/x
—log,. x 20, f(0)=0, we get £ (f)=0 for f&[0,«]. This proves Lemma 4.

Proof of Lemma 3. First we suppose that 4 is a cylinder, ie.
A={weQ|VieAw()=0(i)},

where A is a finite subset of L and ge{—1,1}* If we denote by |A| the
number of elements of A, we have
E(A=14; w@®= [] x [ (-n2x",
ico~1(1) ies—1(—1)
hence in this case Lemma 3 holds. Now we prove Lemma 3, by induction on
|A], for an arbitrary event Ae4,. If |A|=0, since A+§, we have A= and

both sides of the inequality stated by Lemma 3 are zero. Suppose |4|>0 and
let i be an element of A. Then A can be written, in an unique way, as

A=(Ef nAN)V(ET NA]),

where A, A7e#,. . If for every ieA one of the two events A, A7 is

1

empty, then it is clear that 4 is a cylinder. Hence we can suppose A;"+0,
A7 +0. Then we have Vj=i

SJA=[E! ndjAFTULE 04T,
O A=[E! n(AF ~ADIVLET n(A7 ~47)];
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E (nA)=E.(nj] A)=[p, (A1~ Y 1.(5;4)
jeA

= AD1'L Y (u 554N+ (1 =0 (8747

Jjea~{i
+xp (A7 N A7)+ (1= %) (A A5)]
= [ (A1 Ixp A7) E(ny | A7) +(1—%) (A7) E(ny- 1 A7)
Txp (AT N A7)+ =) (A7 AT
Since
P Ay =xp (AT )+ (L= x) p (A7),
Xp (AT NAT) (L= x) (A7 N A 2 x (AT AAT) Z X (A7) — (A7),

we get
X (A7) Ey (40 | A7)+ (1 =) p (A7) E (- |AT)+ X 1 (A7) = 1, (A7)
X (AF) 4 (1= x) pe (A7) '

E (n Az

By recurrence, we get
xp (AT N0g e o (AF) + (1 =x) s (A7) log e (A7) + X | (AT) — p (A7)
X e (A;F) + (1= %) p (A7) '

Ex(nA|A) g

By using Lemma 4 finally we get

E,(n,] A) Z10g, [x (A7) +(1 =) i, (A7 ] = og, w4, (A).

Lemma 3, roughly speaking, implies that if an event A4 has a small p -
probability and x is bounded away from zero and one, then E (n,|A4) must be
large.

The converse statement is in general false, but it holds (in the weak sense
specified by the following lemma) for the class of events which we shall
consider below.

We call & the family of events S e %, of the type S=A~ B, where 4, Be %,
are positive events.

Remark. An event Se %, belongs to & if and only if it satisfies the following
condition

() fo,S0,20;, 0,8, w,¢S, then w, ¢S,

Proof of the remark. For any event § we put S={weQ~S|3w:weS}. The
event SUS is obviously a positive event and S=(SuS)~S. Since condition ()
means that § is a positive event, if () holds we get Se.%. The proof of the
converse is left to the reader.

Lemma 5. If O<a<f<1, S€&, then
B
[ 1 (S)dx<2[ Inf E, (ng|S)] 1.
a xela, B]

Proof. Suppose S=A~B, where A, B € % are positive events. For any ie L we
have 8/ AcE}, SEB<E; ; hence
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8{ANSEB=0. “4.1)
Furthermore:
OIS =(6!AnS)U(SEBNS). 4.2)

(4.1) and (4.2) imply that, for each w eSS,

ng(w) =ng(w)=nj(w) + ng(w) =n,(w) + nglw).
Hence we have
1 (S)E (ng|S)= | (ny+ng)du S E, (n,+ng)
S

w(S) Inf E (ng|S)SE n,+E ng.

xela, ]
Since A, B are positive events, Lemma 2 implies that
I[nf . E, (ns!S) f 1 (S) dx = [pp(A) = po(A)]+ [ (B) — 1, (B)] £2.
Our use of Lemma 5 is based on the remark contained in the following lemma.
Lemma 6. If A B, is a positive event, for every integer k>0, the events
MA={weAd|ni(w)=k}, AEA={weQ~ A|ri(w)=k}
belong to &.

Proof. It is easy to verify that, since A is positive, nl[n%], restricted to
A[Q~ A] is a non-increasing [non-decreasing] function. Hence, if

[ So,50;, o edidlo,edfA], w,¢AAlw,¢ 4EA],

then nA(w2)<k [either nf(w,)>k or w,e A]; therefore w,¢ Al A[w, ¢ AFA].
Hence 4;A4 and Af A satisfy the condition (o) of the above remark.

5. Proof of the Theorem

In this section we prove Theorem 1. Its proof is based on Proposition 2 and on
the following lemma.

Lemma 7. If A €% is a positive event, then, for any 0.€(0, 1/2),

1-a
[ n(64)dx<4log,n]™"?  where n=Max Max u,(3;4)
Proof. Lemmas 5 and 6 imply that
j p(4;A)dx<2[ Inf E (nAIAIA’A)] L (5.1)

xe(a, 1 —a)

On the other hand we have

E (ngal =1 Y w4, ;A1 Y Eungaldi o Auld ;4 (52

1.0k i1k
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where
Al

11...ik

A={wed A|Cw)={i, ... i, }}.
Now we claim that

Ex(nAIAIA! A)=E (ng AlA{
k igeeip

i1...0% if...ik

A). (5.3)

We remark that C,(w), restricted to 6’4, is a non-increasing function (if the
pivotal sets are ordered by inclusion); this remark implies that, if we 4], 4,

jeL, then S;w belongs to A; A if and only if it belongs to Afl...ikA- This proves
the claim. Lemma 3, applied to the r.h.s. of (5.3) yields

if..dk

Vi, .oiel  E(ng,l4l  A)zlog, 1, (5.4)

where we have used the obvious inclusion 4 , A<d, A. By collecting to-
gether (5.1), (5.2), (5.4) we get

1-«

| u(4iA)dx<2[log,n]~*. (5.5)

In an analogous way one can prove the inequality:

1-a

[ uldfA)ydx<2[log, n]~". (5.5)

By summing (5.5) and (5.5") we get

1—a

VkeN | p(d,A)dx=d[log,n]™ ", (5.6)

-4
where

A, A=AFAUALA.

On the other hand, since A is a positive event, from Lemma 2 we get

—a 1-a

0 1 —
kzlk [ w(@,A)dx= | En,dx=<1 (5.7)

We denote by k, the integral part of 4 [log, n]'/?; (5.6) and (5.7) yield

1-a

ky 1-a ) 1—ua
[ p0dydx=> [ pdAdx+ Y [ p(d4,4)dx
a k=1 a k=ko+1 «a
s} k 1—a
<3[log,n]"*4flog, )=+ ¥ +—— | mi(4,A)dx
=1 kot1 g
@© 1—a

<2[log,n]~"*+2[log, 71> ¥ k | p(4,4)dx
k=1 a
<4[log, ]~ 2.
Proof of Theorem 1. Let 0<g<1/2. We choose 1 by putting

4[log,, n]~ 12 =¢*/2. (5.8)
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Let A e #; a positive event such that Vie L, Vx e [0, 1], u.(5,4) <. We put
x=Sup {xe[0,1]|p.(4)<e}; x=Max {%,¢/2}.

We can suppose X<1—¢ (otherwise the statement of the theorem obviously
holds with the choice x,=X); then Lemma 7 yields:

X+¢/2 1-¢/2

j p(8A)dx < /jz 1 (04)dx <4[log,, n]~ "> =e*/2.

The last inequality implies that there exists x,e(X,X+¢/2) such that
,uxO((SA)§33; furthermore, since x,>%=X, we have u, (4)=e Hence Proposi-
tion 2 implies that p ., ,(4)>1—e¢ On the other hand, since x,—e<X—g/2 <X,
the definition of X implies y, _,(4)<e.

6. An Application to Percolation Theory

The relation
p.tpF= (6.1)

between the critical percolation probabilities of a pair of dual planar graphs
has been proved, recently, in a variety of instances [3], [5], [8]. In this section,
as a first example of application of Theorem 1, we sketch a new proof of (6.1)
in the case of the site percolation problem on the two-dimensional square
lattice.

We use the same notations as in [5]; in particular A ; is the event “there
exists a (+) chain in A; connecting its left side with its right side”, where A,
={ieZ?|li,| <L, )i, SL}.

Lemma 8. VL,Vxe(1—pkp), B<u,(Af |)S1—p, where f is the root in [0, 1]
of the equation x*[1—(1—x)1?]'2=1-5-4,

Proof. See Lemma 5 of [5].
Theorem 2. p,+p¥=1. v
Proof. 1t is easy to verify that
0, A7 S(2~ F,jl.)m(Q\FL‘,;f),

where F",[F]={weQ|i is surrounded in o by a (+)[(—#)] circuit either
internal to A, or intersecting A, in at most two adjacent sides}. Furthermore,
by using translation invariance of p,, it is easy to convince oneself that

Vied;,, Vxe[0,1], ux(F,jfquL‘,g‘)gux(E[ VE™),
where

Ef [E;*1={we Q|0 is surrounded in © by a (+)[(— )] circuit internal to A4,}.
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Hence we have
Vxe[0,1], VieZ%  n(6:Af ) <1—plEf EL) (6.2)

Now we suppose p,+p*¥>1 (it is known [9] that p,+p*=1). Then we can
choose = such that 1—p¥<w<p,. The definitions of p,, p¥ imply that u_ —as.
there are neither infinite (+) cluster nor infinite (— #) clusters; hence:

lim u (Ef)=lim p (E;*)=1. (6.3)
L— o

L—w

Since u, (Ef)[u, (EL™)] is an increasing [decreasing] function of x, we have:
Vxe[0, 1], VL>0, u (Ef EZ)2min (i, (E7) u(E).  (64)
(6.2), (6.3) and (6.4) yield
lim Max Max pu (6,47 ,)=0. (6.5)

L-oo iedy xe[0,1]

The last relation, together with Theorem 1, implies that if L is large enough
there exists an interval (x,, x,)<(0, 1) such that:

) x,—x,<p,+p¥—1;

i) Vx<x;, Ay ) <B;

iii) Yx>x,, u(Af)>1-F;
where f is the number defined in Lemma 8. i), ii), iii) are in contradiction with
Lemma 8. This proves Theorem 2.
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