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Abstract. We consider Bernoulli measures of parameter x € [0, 1/2] on the space {0, 1}* where
S is a finite set. We prove some new correlation inequalities and monotonicity properties of
these measures, related to the natural group structure of the space. One peculiar feature of these
inequalities is that they are preserved by conditioning the Bernoulli measures to a subgroup; in
this way we can show that some basic techniques in Statistical Mechanics naturally fit in this
scheme.

1980 Mathematical Subjects Classification (1985 Revision): 82A05; 60B15.

1. Definitions and main results

We are interested in probability measures on the space Qg = {0, 1}5, where S'is a finite
set. In particular we shall consider the Bernoulli probability measure of parameter x,
which we shall denote by u,.

The set Qg has a natural order structure, which allows to define the notion of
increasing (or decreasing) events. Harris [1] first remarked that if the events E,, E,
are both increasing (or both decreasing) then

1.1) (BN Ey) 2 py (B, (Ey) -

Fortuin, Kasteleyn and Ginibre [2] generalized Harris’ inequality (1.1). The notion
of F.K.G. measure and F.K.G. order between measures can be summarized as
follows. A probability measure p is F.K.G. if for any two increasing events E, and E,

(1.12) w(E,NnE;) > p(E\)pu(Ey) .

It was proved in [2] that a sufficient condition for the F.K.G. property is the
following inequality (which can be easily verified in the case of Bernoulli measures):

(1.2)  Vo,,0,€Q5 p(o,v0;)u(o,n0,) = p(oy)plo,),
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(where we have identified the elements of Qg with the subsets of S). Besides Bernoulli
measures, an important class of F.K.G. measures which satisfy (1.2) can be obtained
by considering finite volume Gibbs measures; for example if S is an hypercube in Z°
condition (1.2) is satisfied by the Gibbs measures of the ferromagnetic n.n. Ising
model at external field / and inverse temperature f, p, .

If u, and u, are FX.G., u, precedes p, in the FK.G. order if for any increasing
event £

(1.3)  m(E) Spp(E).

It turns out that the measures u, and p, , are respectively F.K.G.—increasing in x and
in & (for fixed f).

In this paper we shall develope a scheme strongly analogous to the one summarized
so far by considering, instead of the lattice structure of Qg its group structure. If we
identify the elements of Qg with the subsets of S, the natural group operation can be
defined as the symmetric difference between subsets (equivalently one could consider
the multiplicative group structure of {—1,1}%).

More precisely we propose the following definitions:

Definition 1.1. A probability measure on Qg is G-regular if for any two subgroups of
Qs, G, and G,

(14)  u(G,NG,) = u(G,)u(Gy).

Definition 1.2. The measure yu, is G-smaller than u, if for any subgroup G of Qg
(1.5 m(G) <, (G).
Definition 1.3. The measure p, is strongly G-smaller than p, if for any pair of

subgroups of Qg, G, and G,, such that G, < G,

w(Gy) < p2(Gy)
1(Gy) ~ uy(Gy)

Our main result is contained in the following theorem:

(1.6)

Theorem 1.1. If x € [0, 3] and F is a subgroup of Qg, the measures u, and . ( | F) are
G-regular and strongly G-decreasing in x.

Since it is easy to obtain some Gibbs measure (for example in the case of a zero-field
n.n. Ising model) by conditioning to a subgroup the Bernoulli measure, Theorem 1.1
has some interesting consequences in Statistical Mechanics; in particular it implies
the following corollary:

Corollary 1.1. The measures p, ; are G-regular and strongly G-increasing in p.

Corollary 1.1 can be considered as a generalization of the Griffiths’ inequalities [3].
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We remark that Baumgartner [4] recognized the relationship between the group
structure of Qg and Griffiths’ inequalities. Gruber, Hintermann and Merlini in their
book [5] also exploited the natural group structure of Q4. The direction of our work
is, in a sense, complementary to the one in [5]: a large class of systems is there studied
by using Statistical-Mechanical and group-theoretical tools, whereas our main result
amounts in recognizing the simple property of the Bernoulli measure expressed by
Theorem 1.1 as the basis of some Statistical-Mechanical techniques.

Sec. 2 contains our results concerning unconditioned Bernoulli measures;
Bernoulli measures conditioned to a group are considered in Sec. 3, where the proof
of Theorem 1.1 is completed by using a generalization of (1.2). Some applications to
Statistical Mechanics (in particular to the Ising model and to gauge models) are in
Sec. 4.

2. Regularity and monotonicity of Bernoulli measures

In this section we prove that the Bernoulli measues p, are G-regular and G-ordered
for x € [0, 3]. We first prove that for any group G, u,(G) is a not increasing function
of x € [0, 3]. Indeed we have a stronger result: u_(G) has derivatives of alternate sign
in [0, 4]. The G-regularity condition is proved at the end of the section.

We begin recalling the basic properties of the groups we use.

An element w € Qg is a sequence of 0’s and 1’s on .S which we shall identify with the
subset of ie S such that w(i) = 1. Qg is a group with respect to the operation of
symmetric difference of two elements w, and w,, that we denote w, - w,. One can
compute the product of two configurations of 0’s and 1’s by using in each site the rule
0:-1=1-0=1,0-0=1"-1=0. Thg null configuration corresponding to the empty
set is the identity of the group and so each element is its own inverse.

If G is a subgroup of Qg the binary relation ~ in Qg defined by w, ~ w, ifand only if
w, w,€G is an equivalence relation. The elements of the partition of Qg so
generated are the cosets of the group G. The group itself is an element of the partition.
Any coset L different from G is so disjoint from G and is given by

L=0c-G={aeQsla =00, weG}

for any g € L. It is also easy to see that G and L have the same cardinality: |G| = | L|.
If H and K are two cosets of the group G we put

21) H-K={weQlo=w, 0, 0w,eH w,eK}.

H - Kisa coset of G. The set of the cosets of G is a group with respect to the operation
just defined. The identity is the group itself.

Let u, be the probability measure on €, ieS, defined by u,(1)=p,
U, (0) =1—p;, p;e[0,1].1f p = (p;, i € S), u, denotes the measure on £ product of
the u,,’s. In the following we shall continue to use the notation g, , intoduced in sec. 1,
for the measure u, where p; = x, Vie S.
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If w € Qg, we denote by w* the complement of w in S and we put

9o [1r: ifw+o0
1, if @=0

where 0 denotes the null configuration. We have
p(@) = p®(1 — p)**
=p°(1=2p+p)”*
=p” ), (1=2p)p"

6 < 0°

Y PP —-2p)y

g c

If Ec Q
(E)=Y Y pS(1-2p)

weE 0 cw°

2.2) = Y p*V(1—2p)| E5|

occS

where we define if e 2,, 0 = S,
E! = {we Qs ,|lwaeE}

where wa is the configuration of Qg that coincides with w in S\¢ and « in ¢. In
particular E} = E and

ps_ {9 if a¢ E
*~ 19, ifackE

where [Q,| =1, p,(Q) = 1.
If G is a subgroup of Qg,H and K are two cosets of G (which in particular can
coincide with G) ¢ = S and a, f € Q, the following statements hold:

(2.3a)  G{is a subgroup of Q, ,; all the G, Hy, (H - K); which are nonempty are
cosets of G§ (in particular they have the same cardinality as G§);

(23b) H+0,Ki+0 = HZ Kj=(H K)i,;
230) |GEI(H - K)yl = | HIIIKG).

(2.3a) is a direct consequence of the definitions. In order to prove (2.3b) we note that
H] - K§ < (H - K); 5. By hypothesis both are nonempty; (2.3a) then implies that
both are cosets of G§, so that the inclusion must hold as an equality.

In order to prove (2.3c) we note that if one of the sets Hy and Kj is empty the
inequality is trivially true. In the other case we apply (2.3a) and (2.3b) and (2.3¢)
follows as an equality.
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If G is a group and H a coset of G different from G, we remark thatitis uy(G) =1,
o(H) = 0 and 12 (G) = py (H) =27 |G.

Lemma 2.1. If G is a group, H a coset of G and p e [0,%]5 then
24 p(G) =z p,(H).
Proof. We use eq. (2.2) for G and H and we get

1,(G) — wp(H) = ¥, p*(1—=2p)"(1GS| — | H3D) -

ccS
By using (2.3a) we get Vo, |G| — | H| = 0 and this concludes the proof.
In the sequel we shall need the following simple consequence of Lemma 2.1:
Lemma 2.2. If G is a group, H and K cosets of G and p € [0, 3]° then
(2.4a)  p,(G)+ p,(H - K) = p,(H) + p,(K) .

Proof. This lemma can be deduced from the previous one simply remarking that if
H and K are nonempty, HuU K is a coset of the group Gu (H - K).

We remark that p,(E7) does not depend on the p;’s, i€ ¢ and we define

Proposition 2.1. If G is a subgroup of Qg, 6 = S and pe [0,3]°5 then

@.5) (— ;%) 1,(G) = 0.

In particular, if p; = x, x€ [0, 5], for any k

d k
(2.6) <‘Z§> 1 (G) = 0.

Proof. We first give a simple proof of (2.5) in the cases ¢ = {i} and ¢ = {i, j}. This is
enough to prove (2.6) for k = 1, 2; in the sequel the inequality (2.6) shall be used only
for k =1. We have

1,(G) = p, (Go)(1 — p) + 1, (GD) p:
#(G) = 1, (GEo) (1 — p)(1 = p) + 1, (GTo) p:(1 — py)

+ up(G(i)jl)(l - Pi)Pj + Iip(Gijl)Pin
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and
17 , .
~ 1,(G) = p,(Go) — p,(Gy)

(3 a ij ij ij ij
é;i 5—[;, “p(G) = p4,(Gb) + #p(G11) — 1, (G o) — 1, (Ggh) -

In the case ¢ = {i} we use (2.3a) and (2.4). In the case o = {i, j} if G}, and G¥, are
nonempty we have from (2.3b)
Gijl = Gijo ’ G(i)jl

and then we can use Lemma 2.2.
In the general case, from

1, (G) = Y. p*(1—p)”*u,(GY)

aco

it easily follows

a [
(— 5) 1(G) = Y (=D, (G).

ac o

We notice that some of the G7 ’s can be empty, but if they are not, they are cosets of
G§. We apply (2.2) to G¢:
1 (G = 3 POV -2p) (G}
yc=S\e

We get, interchanging the order of summation on « and y

<_£QZMG)= Y POA-2p) (= D)(G)]

yeS\o ace

where we have used that (G2)} = (G})S as 6 "y = §. In order to prove (2.5) it suffices
to prove that Vo = S

2.7) Y (=D =0

aco
where we have put F = G§. The set 4 = {« = ¢|F? + @} is a subgroup of Q, since
F§ is a group and

Fo+0,F,+0=F , 0.

If 4=1{0} (2.7) is trivially true. If |4| > 2 we put 4, = {¢ € A||a] is even} and
A_=A\A,. If A_ = 0 (2.7) is again trivially true. If 4_ + @, then 4 _ is a coset of
A, ;hence|A,| =|A_|; since all the sets F?, a € A have the same cardinality, we get

Y= Y |F

aed+ acA -

and this concludes the proof of eq. 2.7.
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In order to prove (2.6) we use

d 0
dx B ieS apl pi=x
d\* 0 0
(4~ 5 ot
X (i1, ..., ix)eSk Pi, Pi |pi=x
The sequences (i, ..., i) With at least one overlapping give a null contribution to

the sum because for any event E

a—P;lﬂp(E)=0,Vn22

Hence

d\¥ 0\’
(_—a> uX(G):k’o-cs;ﬂ:k(n@) up(G)

and (2.5) implies (2.6).

pPi=Xx

The following proposition is a weaker version of an inequality which we shall prove in
the next section. Nevertheless we give here an independent proof of it because we
think that the simple proof given here is more transparent and it could serve as an
illustration of the intuitive meaning of the order we have introduced between
measures.

Proposition 2.2. If F and G are two subgroups of Qg and x € [0, 3] then

b (FNG) = p, (F)p, (G)
In order to prove this proposition we need the following definitions. If {i, j} € Slet i,
be the restriction of u, to Qg ; ; and let v, be the probability measure on Q;; defined
by

v.(0,0)=1—x,v.(1,1)=x,v.(0,1) =v,(1,0)=0.
We define p the product measure i, x v, . If 4 and A’ are disjoint subsets mapped by
a one to one mapping, one can naturally define, using the above definition, the
measure u4

Lemma 2.3. If G is a subgroup of Qg and x € [0, ] then

28  w(G)=pn(6).
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Proof. We have
1 (G) = (1 = )? 1, (GFo) + x(1 — x) [, (G1o) + 1. (GG)]
+x? p (G
w (@) = (1 — X) p, (Go) + x . (G
1 (G) — 1, (G) = x(1 ~ X) [, (G) + 1. (GT1) — 1o (GEhr) — 1 (GTo)]
and, using Lemma 2.2 the lemma follows.

It is easy to convince oneself that one can extend this lemma to the measure p2-4": if
G is a group

29 G 21 (G).

In order to prove Proposition 2.2, we consider a copy S’ of S, the Bernoulli measure
Ur on Qq., copy of u,, and the measure i, on Qg X Q. given by . % p;. Given the two
subgroups Fand G, if F' is the copy of Fin Qg., G X F'is a subgroup of Qg X Q. and
one obviously gets

1 (G) py (F) = 1, (G X F').
It is easy to check that
1 (GAF) = iS5 (G F).
Inequality (2.9) for the group G x F’ completes the proof.

3. The case of conditioned Bernoulli measures

In this section we complete the proof of Theorem 1.1 by proving that the Bernoulli
measures conditioned to a group are G-regular and G-ordered. These properties are
both a consequence of the following proposition.

Proposition 3.1. Let p € [0, 315. If G is a subgroup of Qg and H and K are two cosets of
G, then

G (@ p,H - K) 2 p,(H)p,(K);

if G, and G, are subgroups, then

32 16y GGy NG = 1y (G, (Gy).
If G is a group and pe[0,3]° we put Vo = §

5V (1 —-2p)°|G3|
1, (G)

Eq. (2.2) implies that v¢ is a probability measure on Q.

(3.3) i) =

Lemma 3.1. The measure v is FX.G.
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Proof. As we remarked, it is enough to prove that the measure v$ satisfies the
inequality (1.2), and for this we only need to prove that for any group G

B4 16365 =2 |G G2l -
We first consider the case 6, no, = 0. Then G§'"?> = G and so we need to prove

(3.5 16376l = |63 116G -

We have
1G3 1= Y |G
a c o2
Gl = ) 1G58
ayc oy

Gl = Y X 16

ay1cay a0

where some of the G’s can be empty. The ones that are not empty are cosets of the
group G§%’? and applying (2.3b) and (2.3¢c) we get Va,, a,

G *+0,G82 0 = G2 =G5 G2+ 0
and

(3-6) G316 < 163611 GRla?

ay a2 .

Using this inequality we get

1G§H1GE = Y Y 16821163
ayc oy ayc 0o
< )Y X |GG

ayc oy azc oy
|G36 111Gl .

Since G§'V7? = G2, we get (3.9).
We now consider the case 6, "o, = 7 + @. We apply (3.5) to G} in place of G, and
to 1, =0,\1, 1, =0,\7, as 1,N1, = 0. We get

1G53 11G5| = 1Ge311Gg

We notice that G§ = G§'"?%, G§V™ = G§'V%%, G§% = G, G = G§* and this
completes the proof of the lemma.

Proof of Proposition 3.1. We first prove eq. (3.1). From eq. (2.2) and (3.3) it is

mH-K) _ « o |(H K
LG 2O TG
Using the inequality

(3.7 |(H-K)||Gsl = | H3||Kg|
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which is again a particular case of (2.3c), we get

BHK) < g IHSIIKS]
OB A A
= ZSVS(G)XH(U)XK(U)
=Ev(XHXK)a
where
| H|
68 1@ = oo

and E, denotes the expectation with respect to v¢. The functions yy and y, that take
only the values 0 and 1, are both decreasing in the order by inclusion of the subsets of
S. As recalled in Sec. 1, this is sufficient by [2] to conclude that

EV(XHXK) = EV(XH)EV(XK) .
The proof of (3.1) is completed by observing that
pp(H)
1y (G)
We now prove inequality (3.2). Put G = G; 1 G,. By Def. (3.3)

Ilp(Gl 1 Gy) G (G, - G5l

—_ T = Vv g) ————

PRI Ao
T AR CA
ocS I GOI

where we have used the inclusion, which easily follows from the definitions,
(3.9 (G- Gy)5>(Gy)5 (G -
We now remark that for any two groups F and G
(3.10) |F-G||FnG|=|F||G]|.

If FnG = {0}, |F- G| =|F||G| and the equation is trivially true. In general the
remark can be proved by applying the previous equality to the quotient groups of F,
G and F- G with respect to FNG.

Using (3.10) and the easy equality (G,)§ N (G,)§ = G§ we get

1,(G, - G;) oo 1GE1GR
PRGN AT T

Ev (XH) =

We put

_ 1GYsl
n.(0) = —_"‘I G|
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and we observe that 5, is a decreasing function of ¢. It suffices to prove that if
' =ouli},ieS, thenn,(¢") < n, (o). For this it is enough to prove the inequality
G1)  1GEIGY)T | <IGE11(GE -
By using the inequalities

1(G31 =1(G)F | + (G

IGl =168 + 1G5}
the inequality (3.11) can be written
(312)  (GIS NG < 1(GPEIIGE |

If G§i = @ the equation is trivially true. Suppose Ggi + @. Then Gg! is a coset of
Ggh = G§', and so it has the same cardinality. Furthermore, since G = G,, we have
also (G ))&} # 0; hence (G,)%} is a coset of (G,)55 = (G,)§ so that (3.12) holds as an
equality. This proves the observation.

The proof of (3.2) can now be achieved exactly as the one of (3.1).

We observe that (3.2) is at same time an improvement of Proposition 2.2 and
a generalization of the inequality (1.2) for Bernoulli measures. In fact the cylinder
obtained by putting equal to zero all the spins in a given subset ¢ of S'is a subgroup of
Q; if the subgroups G, G, are obtained in this way from the subsets g,, o, the
inequality (3.2) reduces to (1.2).

Proposition 3.2. If F and G are groups and H is a coset of G, Vp e [0, 315

0 p,(H)
3.13) — =L =0,
B o @
(3.14) 9 (GIF)<0
. apiﬂp -
Proof. From

1,(G) = p;p,(GY) + (1 — p) p,(Go)

and analogous equation for u,(H), we get, performing the derivative,
9 pw(H) _
6p i y’p(G)

We can apply (3.1) because Hi = H{ - G| and this proves eq. 3.13.
Inequality (3.14) follows easily from inequality (3.13) and the remark that there are
n cosets of GNF, H,, ..., H,, such that

1, (G) 2 [, (GO p, (HY) — p, (HE) 1, (G])] -

F=(GnF)u |J H;,
i=1
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and so
lup(F) = I‘p(GﬁF) + ‘Zl .up(Hl) .

Proof of Theorem 1.1. The G-regularity of the measure u, was already proved in sec.
2. If F is a subgroup of g, by using inequality (3.2), we get

By (F)
#:((G,nF) - (G,nF))’

Since (G, " F) - (G, F) is a subgroup of F, we get the G-regularity of u ( | F). The
G-monotonicity of u, is a particular case of Proposition 2.1. The strong
G-monotonicity of p, and u, ( | F) is a direct consequence of inequality (3.14).

1 (G1 N G| F) 2 p (G| F) (G, | F)

4. Applications to statistical mechanics

The aim of this section is to show that some Statistical Mechanical inequalities are
a particular case of the results of the preceding section.

We first consider the nearest neighbour (n.n.) Ising model at zero magnetic field
and + 1 boundary conditions; for sake of simplicity we recall the definitions we need
in the two dimensional case. The space of configurations is {—1,1}* where 4 is
a square subset of Z2 and the spins on the sites of 3 4, the external boundary of 4, are
put to be equal to 1. For any s € { — 1, 1} a contour configuration y, can be defined in
the following way. For any pair of n.n. we consider the unit bond that separates them;
if we denote it by ¢, the pair is denoted by {c,, ¢,}. We put

C={cl{e;, cx}n A +0};
7, is the element of {0, 1}€ given by

0, if s(c;) = s(cy)
1, if s(c,) # s(c,) -

The set of contour configurations is

42) T ={ye{0,1}|y =y, for some se{0,1}*}.

@) = {

It is easy to recognize that, denoting by st the pointwise ordinary product of the spin
configurations s and ¢ (while the dot denotes the symmetric difference) one has
43) e =V

Equality (4.3) immediately implies that I" is a subgroup of {0, 1}€. The Gibbs measure
Ho, g is defined assigning to any se {—1, 1} the weight

e”zcec““)s‘“) .

This weight is proportional to

e~ 280l
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where |7,| is the cardinality of y,. Hence pg 4 is a Bernoulli measure of parameter
x=(1+e ?#)~1e 28 [0, 1/2] conditioned to the subgroup I and the results of the
preceding section can be applied.

As an example, let us consider for any 4 < A the set of contour configurations I',,
corresponding to the set of spin configurations E, = {s|s(i) = s(j)Vi,je A}. By
using (4.3) it is immediate to see that I', is a subgroup of I'. Since

4.4 l‘g,ﬁ(EA) = pu (4T,

the G-monotonicity of u, ( |I") reduces in this case to the well known monotonicity in
B of ug 4(E,). By using the strong G-monotonicity of pu,( |[I') we get the
monotonocity in f of the ratios ug g(E,)/ 1o, 4(Ep) for any B> A. The same
arguments work if one considers periodic or open boundary conditions.

As another example we consider the Gibbs measure p ; defined by the weight

eszen‘h’s(bl)s(hZ) s

where A be a finite set, B = {b < A|b = {b,, b,}} and J = (J,, b € B) is any vector
with J, > 0. We now show how the Griffiths’ inequalities are a particular case of
Proposition (3.1). We consider a subset 4 of 4 and let s, = [ [;. ,5(i); there is a nice
representation of (s,),, the expectation of s, with respect to the Gibbs measure, in
terms of the Bernoulli measure u, where p, = e~ #’»sinh J, € [0, 1/2], [5, 7]: if one
defines Vne {0,1}?

on={ieA|Y n(b) is odd}

ieb
G ={ne{0,1}%0n =0}
H,={ne{0,1}®|0n = A}
then

.up (HA)
1,(G)

Itis easy to see that G is a group and that H, is one of its cosets. Furthermore if 4 and
B are disjoint we have
.up (HA Y] B)

Hp(G)

and it is easy to see that H, = H,- Hy. We apply (3.1) and get the Griffiths’
inequalities

45  $seu=

(4.6) (S45805 =

(848805 250588405 -

In the gauge theories on the lattice the following model is considered [6]. For each
bond b of a d-dimensional, say d = 3, square lattice it is associated a spin variable
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o, € {—1, 1}, considered as an element of the group Z,. The measure is defined by the
weight

expB ). [] o»
P beP
where P runs over all the plaquettes. This measure can be obtained from a Bernoulli
measure on the plaquettes variables wpe{—1,1}, conditioned to the group
Ne{I1pcowp =1}, where Q runs over the cubes of the lattice. Hence also to this
model the results of the preceding section apply exactly as in the previous cases.
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